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Abstract
The oscillatory behavior of solutions of the neutral differential equations with a superlinear neutral term
[x(t)− pxα(t − τ)]′ + q(t)
m∏
j=1
|x(t − σ j )|β j sign[x(t − σ1)] = 0, t ≥ t0,
is studied in the case when α > 1. Two almost “sharp” oscillatory and non-oscillatory criteria are obtained.
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1. Introduction
Consider the first-order neutral differential equation with a nonlinear neutral term
[x(t)− pxα(t − τ)]′ + q(t)
m∏
j=1
|x(t − σ j )|β j sign[x(t − σ1)] = 0, t ≥ t0, (1.1)
where p, τ ∈ (0,∞), α is a quotient of odd positive integers, σ j ∈ [0,∞), β j ∈ (0,∞), j = 1, 2, . . . ,m, q ∈
C([t0,∞), [0,∞)). When m = 1, Eq. (1.1) reduces to
[x(t)− pxα(t − τ)]′ + q(t)|x(t − σ)|β−1x(t − σ) = 0, t ≥ t0, (1.2)
where σ = σ1 ∈ [0,∞), β = β1 ∈ (0,∞). When α = β = 1, Eq. (1.2) further reduces to a linear neutral differential
equation
[x(t)− px(t − τ)]′ + q(t)x(t − σ) = 0, t ≥ t0, (1.3)
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and many oscillatory criteria for Eq. (1.3) have been obtained in the literature; see [1,2,4,5] and the references cited
therein. In particular, the papers [4,5] established the “sharp” oscillatory criteria for Eq. (1.3) in the cases when p 6= 1
and p = 1, respectively. When α 6= 1 or β 6= 1, we only find two papers [2,6] which dealt with the oscillatory
behavior of solutions of Eq. (1.2). The results obtained there are the following.
Theorem A ([2]). Assume that α ∈ (0, 1). Then every solution of Eq. (1.2) oscillates if and only if∫ ∞
t0
q(s)ds = ∞. (1.4)
Theorem B ([2]). Assume that α = 1 and p, β ∈ (0, 1). Then every solution of Eq. (1.2) oscillates if and only if (1.4)
holds.
Theorem C ([6]). Assume that α = p = 1 and β < 1. Then every solution of Eq. (1.2) oscillates if and only if∫ ∞
t0
sβq(s)ds = ∞. (1.5)
Theorem D ([6]). Assume that α = p = 1 and β > 1. Then every solution of Eq. (1.2) oscillates if and only if∫ ∞
t0
sq(s)ds = ∞. (1.6)
Besides the linear case when α = β = 1 and several cases mentioned in the above four theorems, we find no results
in the literature on the oscillation of solutions of Eq. (1.2) in the following three cases:
(i) α ∈ (1,∞), β ∈ (0,∞);
(ii) α = 1, β ∈ (1,∞), p ∈ (0, 1)⋃(1,∞);
(iii) α = 1, β ∈ (0, 1), p ∈ (1,∞).
In fact, for cases (ii) and (iii), the present authors in another paper [7] have established the following necessary and
sufficient conditions which guarantee that all solutions of Eq. (1.2) oscillate.
Theorem E ([7]). Assume that α = 1 and (β − 1) ln p < 0. Then every solution of Eq. (1.2) oscillates if and only if∫ ∞
t0
q(s) exp[(τ−1(β − 1) ln p)s]ds = ∞. (1.7)
Theorem F ([7]). Assume that α = 1 and (β − 1) ln p > 0. Then every solution of Eq. (1.2) oscillates if and only if
(1.4) holds.
Therefore, there are no results on the oscillation of solutions of Eq. (1.2) in the literature only for the case (i). In
view of the proofs of the above six theorems, it is not difficult to see that the conclusions of Theorems A–F are still
true for Eq. (1.1) if β is replaced by
∑m
j=1 β j ; see [7]. In this work, our purpose is to obtain some almost “sharp”
conditions for oscillation of solutions of Eq. (1.1) in the above case (i).
As is customary, a solution x(t) of Eq. (1.1) is said to be oscillatory if it has arbitrarily large zeros. Otherwise, it is
said to be non-oscillatory.
2. Main results
Theorem 2.1. Assume that α > 1; then the following conclusions hold:
(i) If there exists λ > τ−1 lnα such that
lim inf
t→∞
[
q(t) exp
(−eλt)] > 0, (2.1)
then every solution of Eq. (1.1) oscillates.
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(ii) If there exists µ < τ−1 lnα such that
lim sup
t→∞
[
q(t) exp
(−eµt)] <∞, (2.2)
then Eq. (1.1) has an eventually positive solution.
Proof. (i) Let x(t) be a non-oscillatory solution of Eq. (1.1). We may without loss of generality assume that x(t) > 0
for t ≥ t1 − τ −∑mj=1 σ j for some t1 ≥ t0. Set
z(t) = x(t)− pxα(t − τ), t ≥ t0. (2.3)
Then by (1.1), (2.1) and (2.3), we have
z′(t) = −q(t)
m∏
j=1
|x(t − σ j )|β j ≤ 0 ( 6≡ 0), t ≥ t1. (2.4)
This shows that z(t) is non-increasing on [t1,∞), and so there exists a t2 > t1 such that
(a) z(t) > 0, t ≥ t2, or (b) z(t) < 0, t ≥ t2.
If case (a) holds, then by (2.3) and (2.4), we have
x(t) ≥ pxα(t − τ)+
∫ ∞
t
q(s)
m∏
j=1
|x(s − σ j )|β j ds, t ≥ t2. (2.5)
Set x(t) = ey(t). Then (2.5) yields
ey(t) > peαy(t−τ), t ≥ t2,
it follows that
exp{y(t)+ (α − 1)−1 ln p} > exp{α[y(t − τ)+ (α − 1)−1 ln p]}, t ≥ t2,
and so
y(t)+ (α − 1)−1 ln p > α[y(t − τ)+ (α − 1)−1 ln p], t ≥ t2. (2.6)
Set w(t) = y(t)+ (α − 1)−1 ln p. Then it follows from (2.6) that
w(t) > αw(t − τ), t ≥ t2. (2.7)
Choose M > 0 such that −M ≤ mint∈[t2,t2+τ ]w(t); then by (2.7) and by using induction, it is easy to show that
w(t) > −Mα(t−t2)/τ = −M1e(τ−1 lnα)t , t ≥ t2, (2.8)
where M1 = Mα−t2/τ . Choose M2 > M1 such that
y(t) > −M2e(τ−1 lnα)t , t ≥ t2. (2.9)
It follows from (2.1) that there exist λ1 ∈ (τ−1 lnα, λ) and t3 > t2 +∑mj=1 σ j such that
q(t) ≥ exp (eλ1t) , t ≥ t3. (2.10)
Combining (2.5), (2.9) and (2.10), we obtain
z(t3) = x(t3)− pxα(t3 − τ)
≥
∫ ∞
t3
q(s)
m∏
j=1
|x(s − σ j )|β j ds
≥
∫ ∞
t3
exp
[
eλ1s − M2
m∑
j=1
β je(τ
−1 lnα)(s−σ j )
]
ds
= ∞.
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This contradiction implies that case (a) is not true.
If case (b) holds, then by (2.3) and (2.4), we have
pxα(t) = −z(t2)+ x(t + τ)+
∫ t+τ
t2
q(s)
m∏
j=1
|x(s − σ j )|β j ds, t ≥ t2. (2.11)
It follows that
x(t) ≥ p−1/α[−z(t2)]1/α, t ≥ t2.
Substituting this into (2.11) and using (2.1), we have
pxα(t) = −z(t2)+ x(t + τ)+
∫ t+τ
t2
q(s)
m∏
j=1
|x(s − σ j )|β j ds
≥ p−β/α[−z(t2)]β/α
∫ t+τ
t2+σ
q(s)ds →∞, as t →∞,
here and in the sequel σ = max{σ1, σ2, . . . , σm} and β =∑mj=1 β j . The above implies that
x(t)→∞, as t →∞. (2.12)
Set x(t) = ey(t). Then it follows from (2.11) that
peαy(t) > ey(t+τ), t ≥ t2,
i.e.
exp{α[y(t)+ (α − 1)−1 ln p]} > exp{y(t + τ)+ (α − 1)−1 ln p}, t ≥ t2,
and so
α[y(t)+ (α − 1)−1 ln p] > y(t + τ)+ (α − 1)−1 ln p, t ≥ t2. (2.13)
Set w(t) = y(t)+ (α − 1)−1 ln p. Then
αw(t) > w(t + τ), t ≥ t2. (2.14)
Choose M > 0 such that M ≥ maxt∈[t2,t2+τ ]w(t); then by (2.14) and by using induction, it is easy to show that
w(t) < Mα(t−t2)/τ = M1e(τ−1 lnα)t , t ≥ t2, (2.15)
where M1 = Mα−t2/τ . By (2.1), (2.12) and (2.15), we can choose M2 > M1,M3 > 0, λ1 ∈ (τ−1 lnα, λ) and a
t3 > t2 + σ such that
M3 < y(t) < M2e(τ
−1 lnα)t , t ≥ t3 − σ, (2.16)
and
q(t) ≥ λ1eλ1t exp
(
eλ1t
)
, t ≥ t3. (2.17)
Combining (2.11), (2.16) and (2.17), we have
p exp
(
αM2e(τ
−1 lnα)t
)
> peαy(t) = pxα(t)
= −z(t2)+ x(t + τ)+
∫ t+τ
t2
q(s)
m∏
j=1
|x(s − σ j )|β j ds
> eβM3
∫ t+τ
t3
q(s)ds
≥ eβM3
∫ t+τ
t3
λ1eλ1s exp
(
eλ1s
)
ds
= eβM3
[
exp
(
eλ1(t+τ)
)
− exp (eλ1t3)] , t ≥ t3.
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Hence,
p > eβM3
[
exp
(
eλ1(t+τ) − αM2e(τ−1 lnα)t
)
− exp
(
eλ1t3 − αM2e(τ−1 lnα)t
)]
, t ≥ t3.
Let t →∞ in the above. Then we conclude a contradiction p > ∞! So case (b) is not true. The proof of conclusion
(i) is complete.
(ii) Choose µ1 ∈ (µ, τ−1 lnα); then αe−µ1τ > 1. There are two possible cases:
(a) αe−µ1τ >
m∑
j=1
β je−µ1σ j , or (b) αe−µ1τ ≤
m∑
j=1
β je−µ1σ j .
If case (a) holds, then it follows from (2.2) that there exists a t1 > t0 such that
q(t) ≤ µ1 p
2
eµ1t exp
[(
αe−µ1τ −
m∑
j=1
β je−µ1σ j
)
eµ1t
]
, t ≥ t1. (2.18)
Set
y(t) = exp (eµ1t) . (2.19)
Then
lim
t→∞
y(t + τ)
pyα(t)
= 1
p
lim
t→∞ exp
[−(α − eµ1τ )eµ1t ] = 0. (2.20)
Hence, there exists a T > t1 such that
1
2
pyα(t) ≥ 1+ y(t + τ), t ≥ T . (2.21)
On the other hand, from (2.18) and (2.19), we have
yα(t) = yα(T − τ)+
∫ t
T−τ
[
yα(s)
]′ ds
≥ µ1α
∫ t
T−τ
eµ1s yα(s)ds
= µ1α
∫ t+τ
T
eµ1(s−τ)yα(s − τ)ds
= µ1α
∫ t+τ
T
eµ1(s−τ) exp
[(
αe−µ1τ −
m∑
j=1
β je−µ1σ j
)
eµ1s
]
m∏
j=1
|y(s − σ j )|β j ds
> µ1
∫ t+τ
T
eµ1s exp
[(
αe−µ1τ −
m∑
j=1
β je−µ1σ j
)
eµ1s
]
m∏
j=1
|y(s − σ j )|β j ds
≥ 2
p
∫ t+τ
T
q(s)
m∏
j=1
|y(s − σ j )|β j ds, t ≥ T . (2.22)
That is
1
2
pyα(t) ≥
∫ t+τ
T
q(s)
m∏
j=1
|y(s − σ j )|β j ds, t ≥ T . (2.23)
Combining (2.21) and (2.23), we have
pyα(t) ≥ 1+ y(t + τ)+
∫ t+τ
T
q(s)
m∏
j=1
|y(s − σ j )|β j ds, t ≥ T, (2.24)
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or
y(t) ≥
{
p−1
[
1+ y(t + τ)+
∫ t+τ
T
q(s)
m∏
j=1
|y(s − σ j )|β j ds
]}1/α
, t ≥ T . (2.25)
Define a sequence {yn(t)} of functions on [T − σ,∞) as follows:
y0(t) = y(t), t ≥ T − σ, (2.26)
yn+1(t) =

{
p−1
[
1+ yn(t + τ)+
∫ t+τ
T
q(s)
m∏
j=1
|yn(s − σ j )|β j ds
]}1/α
, t ≥ T,
yn+1(T ), T − σ ≤ t < T,
n = 1, 2, . . . . (2.27)
By (2.25)–(2.27) and by using induction, it is easy to verify that
p−1/α ≤ yn+1(t) ≤ yn(t) ≤ · · · ≤ y0(t), t ≥ T − σ, n = 1, 2, . . . .
Thus, the limit limn→∞ yn(t) = x(t) exists for t ∈ [T − σ,∞) and p−1/α ≤ x(t) ≤ y(t) for t ∈ [T − σ,∞).
Applying Lebesgue’s monotone convergence theorem to (2.27), we have
x(t) =
{
p−1
[
1+ x(t + τ)+
∫ t+τ
T
q(s)
m∏
j=1
|x(s − σ j )|β j ds
]}1/α
, t ≥ T . (2.28)
It is easy to see that x(t) is an eventually positive solution of Eq. (1.1).
If case (b) holds, we choose µ2 ∈ (µ, τ−1 lnα) such that µ2 < µ1. Then it follows from (2.2) that there exists a
t1 > t0 such that
q(t) ≤ µ1
2
eµ1t exp
(
eµ2t
)
, t ≥ t1. (2.29)
Noting that αe−µ1τ > 1, there exists a t2 > t1 such that
eµ2t ≤ (αe−µ1τ − 1) eµ1t , t ≥ t2. (2.30)
Set
y(t) = exp (−eµ1t) . (2.31)
Then
lim
t→∞
y(t)
pyα(t − τ) =
1
p
lim
t→∞ exp
[
(αe−µ1τ − 1)eµ1t ] = ∞. (2.32)
It follows that there exists a T > t2 such that
1
2
y(t) ≥ pyα(t − τ), t ≥ T . (2.33)
On the other hand, from (2.29)–(2.31) and (b), we have∫ ∞
t
q(s)
m∏
j=1
|y(s − σ j )|β j ds ≤ µ12
∫ ∞
t
eµ1s exp
[
−
m∑
j=1
β je−µ1σ j eµ1s + eµ2s
]
ds
≤ µ1
2
∫ ∞
t
eµ1s exp
[−αe−µ1τ eµ1s + eµ2s] ds
≤ µ1
2
∫ ∞
t
eµ1s exp
(−eµ1s) ds
= 1
2
exp
(−eµ1t)
= 1
2
y(t), t ≥ T .
1022 X. Lin, X.H. Tang / Applied Mathematics Letters 20 (2007) 1016–1022
That is
1
2
y(t) ≥
∫ ∞
t
q(s)
m∏
j=1
|y(s − σ j )|β j ds, t ≥ T . (2.34)
Combining (2.33) and (2.34), we have
y(t) ≥ pyα(t − τ)+
∫ ∞
t
q(s)
m∏
j=1
|y(s − σ j )|β j ds, t ≥ T . (2.35)
This shows that the inequality (2.35) has a positive solution on [T − τ − σ,∞). Like with the proof of [2, Lemma
5.1.5], it is not difficult to show that the corresponding equation
x(t) = pxα(t − τ)+
∫ ∞
t
q(s)
m∏
j=1
|x(s − σ j )|β j ds, t ≥ T (2.36)
has also a positive solution x(t) on [T − τ − σ,∞). It is easy to see that x(t) is an eventually positive solution of
Eq. (1.1). The proof is complete. 
Remark 2.1. Compare Theorem 2.1 with [3, Theorem 1], we can find that there is an essential distinction in oscillation
of solutions between the neutral equation and non-neutral equation.
Applying Theorem 2.1 to the following equation:
[x(t)− pxα(t − τ)]′ + c exp (eλt) |x(t − σ)|β−1x(t − σ) = 0, t ≥ t0, (2.37)
where p, τ, σ, α and β are the same as in Eq. (1.2), c, λ > 0, we have the following corollary.
Corollary 2.1. Assume that α > 1; then the following conclusions hold:
(i) If there exists λ > τ−1 lnα, then every solution of Eq. (2.37) oscillates.
(ii) If there exists λ < τ−1 lnα, then Eq. (2.37) has an eventually positive solution.
Remark 2.2. Corollary 2.1 illustrates that the oscillatory and non-oscillatory criteria are almost “sharp”.
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